UNIVERSAL PLANE CURVE AND MODULI SPACES OF 
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Abstract. We show that the universal plane curve M of fixed degree d ^ 3 can be seen as a 
closed subvariety in a certain Simpson moduli space of 1-dimensional sheaves on P2 contained 
in the stable locus. The universal singular locus coincides with the subvariety of M consisting 
of sheaves that are not locally free on their support. It turns out that the blow up B\m' M may 
be naturally seen as a compactification of Mb = M \ M' by vector bundles (on support). 
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^ ; 1. Introduction 

00 ■ 1.1. Motivation. Simpson showed in |T2[ that for an arbitrary smooth projective variety X 
. and for an arbitrary numerical polynomial P G Q[m] there is a coarse moduli space M := 
Mp[X) of semi-stable sheaves on X with Hilbert polynomial P, which turns out to be a 
2 I projective variety. 

In general M contains a closed subvariety of sheaves that are not locally free on their support. 
Its complement Mb is then an open dense subset whose points are sheaves that are locally free 
on their support. So, one could consider M as a compactification of Mb- We call the sheaves 
^ \ from the boundary M \ Mb singular. It is an interesting question whether and how one 
^ ' could replace the boundary of singular sheaves by one which consists entirely of vector bundles 
- - - with varying and possibly reducible supports. This problem for one-dimensional sheaves on a 
projective plane was dealt with in and [Q. The case of torsion- free sheaves on a surface is 
considered in |[T0[] . 

It is known (see 0, 0) that the universal plane cubic curve may be identified with the fine 
Simpson moduli space of stable coherent sheaves on P2 with Hilbert polynomial 3m + 1. In 
it has been shown that the blowing-up of the universal plane cubic curve along its universal 
singular locus may be seen as a construction which substitutes the sheaves which are not vector 
bundles (on their 1-dimensional support) by vector bundles (on support). 

1.2. Main results of the paper. The main aim of this note is to show the following: 

• the universal plane curve of fixed degree d ^ 3 can be seen as a closed subvariety of 
codimension ^Mz^ ^i^q Simpson moduli space of semistable sheaves on P2 with Hilbert 
polynomial 

d{d-3) ^ 

dm + — + 1 

2 

contained in the stable locus (Proposition |3.2|); 

1 
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• the blowing up along the universal singular locus can be seen as a process which sub- 
stitutes the singular sheaves, i.e., those which are not locally free on their support, by 
vector bundles (on support) (Theorem |575|). 

This generalizes the construction presented in Moreover, some important details omitted 

for the sake of brevity in |Q are presented (in bigger generality) here. 

1.3. Some notations and conventions. In this paper we use notations and constructions 
from [Q, in particular k is an algebraically closed field of characteristic zero, we work in the 
category of separated schemes of finite type over k and call them varieties, using only their 
closed points. We do not restrict ourselves to reduced or irreducible varieties. Dealing with 
homomorphism between direct sums of line bundles and identifying them with matrices, we 

A B 

consider the matrices acting on elements from the right, i. e, the composition X ^ Y Z is 
given by the matrix A ■ B. 

In surfaces D{p) were defined for every point p G P2. D{p) consists of two irreducible 
components Dq{p) and Di{p), Dq{p) being the blow up of P2 at p and Di{p) being another pro- 
jective plane, such that these components intersect along the line L{p) which is the exceptional 
divisor of Dq{p). Each surface D[p) can be defined as the subvariety in P2 x IP2 with equations 
uqXi, U0X2, U1X2 — U2X1 where the Xi respectively Ui are the homogeneous coordinates of the first 
respectively second P2, such that the first projection contracts -Di(p) to p and describes Dq{p) 
as the blow up. As in OD{p){a,b) denotes the invertible sheaf induced by Cp2(ct) Kl Oi^^(h). 

1.4. Structure of the paper. In Section ^ we describe the universal curve as a quotient of 
a space of certain injective morphisms between rank 2 vector bundles on P2- In Section |^ 
we show that the universal curve is a subvariety of an appropriate Simpson moduli space. 
Proposition p.2| is proved here. In Section ^ we identify the universal singular locus with the 
subvariety of singular sheaves in M. In Section]^ we prove Theorem p.5| , i. e., we show that the 



blowing up along the universal singular locus can be seen as a process which substitutes the 
singular sheaves by vector bundles (on support). 

1.5. Acknowledgements. The author thanks Mario Maican for his valuable comments re- 
garding Section ^. 

2. Universal curve as a quotient 

Let y be a 3-dimensional vector space over k. Let P2 = PV be the corresponding projective 
space. Let S'^V be the d-ih symmetric power of V . Then P^v = P(S''^V^) may be seen as the 
space of plane curves of degree d. Its dimension is = _ x. Recall that a curve is 

identified with its equation up to multiplication by a non-zero constant. Assume that ^ 3. 

Consider the universal plane curve of degree d 

M = {(C,p) \peC} = {((/), (x)) G P^ X P2 I /(x) = 0}. 

This is a smooth projective variety of dimension A^ -|- 1 = _ 

Let X be the space of morphisms 20f.^{-d + 1) A O^^i-d + 2) ® O^^, A = (^^ 

with linear independent zi and Z2 and with non-zero determinant. Note that we consider 
matrices acting on the right. Then one sees that X is an open subvariety in the affine variety 
Hom(2Cp2(-rf + 1), Cp2(-rf + 2) © CpJ, which is isomorphic to k^'+'^+^ 
We fix a basis {xq,xi,X2} of iJ°(P2, Cp2(l)) and for A G X we will write 

Zi = aoXo + aixi + 02X2, Z2 = boXo + hxi + 623:2, 

EA ci— 1— i— J i j \ ^ r) d—l—i~j i j 

/IjjXg X-^^X2, Q2 — / ^ X^X2- 

i+j^d-1 i+j'^d-l 
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Since all morphism in X are injective, X may be seen as a parameter space of sheaves given 
by resolutions 

pi 11 \ 

(1) 0^2C>p,(-ci+l) 0p,(-(i + 2)®0p, ^ 

Remcirk 2.1. One can easily see that the Hilbert polynomial of such sheaves is dm + ^^^^^ + 1. 

There is a morphism X A M, (till) ^ ((-2i?2 — -229i), A 2:2), where Zi A Z2 denotes the 
common zero of Zi and Z2- 

Lemma 2.2. v is surjective. 

Proof. Let (/, p) G M. Choose two linear independent linear forms Zi and Z2 such that p = 
Zi A Z2- Since /(p) = 0, one can write / = Ziq2 — Z2qi for some forms qi and q2 of degree d — 1. 
Then ( ^2 92 ) is a preimage of □ 

Lemma 2.3. Tu;o matrices Ai,A2 G X /ze in the same fibre of u if and only if there exist 
g e GL2(k) and /i = ^) e Avit{0^^{-d + 2) © OpJ suc/i that gA^h = ^2- 

Proof. It is clear that g'^i/i = A2 implies that both A-i and A2 lie in the same fibre of v. 
Let us assume that Ai and A2 lie in the same fibre of v. Then in particular p{Ai) = ^(^2) 
and multiplying by an appropriate g G GL2(Ik) we may assume that Ai = (za 92) ^^'i ^2 = 

(^llliy ^^"^^^ ^^^^2 ~ ^2^^-^ ^ ^^^^2 - ^2q[) wc obtain ^1^2 - ^2^1 = ^(2:1 ^2 " ^2q[) for some 
^ G k* and thus multiplying the second column of Ai by ^ we may assume that ^ = 1. Then 
^i{q2 — q'2) ~ ^2(^1 ~ q'l) = ^ a-iid hence ^ j = g • ( 22 ) for some form g of degree d — 1. In 
other words 

\Z2 q2 ) - qi, J {01) ■ 

This proves the lemma. □ 

Note that the group G = Aut(2(9p2(— + 1)) x Aut{Op,^{—d + 2) © Of^) naturally acts on 
X by the rule {g, h) ■ A = gAh~^. The last two lemmas show that M is an orbit space of this 
action. 

Lemma 2.4. The stabilizer of an arbitrary element in X coincides with the group 

Proof. Let A = (2292) ^"^^ suppose g and h satisfy gA = Ah. Write h = (q^)- Then 
( 22 ) = A ( 22 ) and (51 — A • id) ( 22 ) = 0. Since zi and Z2 are linear independent, one concludes 
that g = A • id. Then A — X~^Ah and since detA ^ one concludes that X — fj, and 
Ziq — Z2q — 0. Hence h — X-id. This completes the proof. □ 

Denote the group G/St by PC Then PG acts freely on X. 

Lemma 2.5. There is a local section of v. 

Proof. It is enough to prove the existence of a section s over M{xQ,Ciijt), i. e., for points 
((/), (p)) such that Po 7^ and Cj/j' 7^ 0. Then one can put (p) = (l,^,r]) and Giiji = 1, and 
then from the condition /(p) =0 one concludes that 

f{xo, xi, X2) = {xi - Cxo)G{xo, xi, X2, {Cij}{ij)^(i'j')) + {x2 - riXo)H{xo, Xi, X2, 
hence one can define a section of u over M{xo, Gi>j') by the rule 



This proves the required statement. □ 
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Using the existence of a local section and Zariski main theorem one shows that X is a 
principal PG-bundle over M. Hence M is a geometrical quotient. 

Lemma 2.6. Every morphism of two sheaves with resolution of the type (|l]) can be uniquely 
lifted to a morphism of resolutions. 

Proof Follows from Exti(Cp2(-(i+2)©Cp2,2Cp2(-rf+l)) = }lom{0^^{-d+2)®Op^,20p^{-d+ 
1)) = 0. □ 

This lemma implies the following. 

Proposition 2.7. The points of M are in one-to-one correspondence with the isomorphism 
classes of sheaves that possess resolutions of the type ([l|). 

3. Stability. Universal curve as a subvariety of Simpson moduli space 

Lemma 3.1. Let C be a plane projective curve of degree d and let p be a point at C . Then the 
ideal sheaf of a point p at C, i. e., the sheaf X given by the exact sequence 

is stable. 

Proof. Since Oc does not have zero dimensional torsion, the same is true for its subsheaf X, 
i. e., X is pure-dimensional. Let £^ be a proper subsheaf of X. Since S is one-dimensional, its 
Hilbert polynomial is am + b. If the multiplicity a equals d, then X/ S is zero dimensional, hence 
pi{m) ~p{£) = h^{X/£) > 0. 

Assume a < d. Then using Lemma 6.7], we obtain a curve 5* C C of degree s < d such 
that its ideal sheaf Is ^ C^c contains S and Q : = X5/£^ is a zero-dimensional sheaf. Hence the 
Hilbert polynomial of S is 

PsM =Pxs{m) -h\Q) = PoaM - Po.im) - h\Q) = 



Therefore, 



dm + ^^^-ism+'-^)-h\Q) 

, , 3 d + s h^Q) 
Pe y^j = m ^ 



2 2 d- s 
Since 

(3-d) 1 

px[m) = m H -, 

2 d 

one sees that ps{m) < pi{m) if and only if ^ < | + ^^^^ or equivalently 1 < ^ + d ■ ^J^^ , 
which is clearly true since d ^ 3. 

We proved ps{fn) < Px{fn) for every proper subsheaf £ of X. Therefore, X is stable. □ 

Proposition 3.2. 1) The sheaves with resolution are stable. 
2) The corresponding map 

is a closed embedding of codimension i^i^t^. 

Proof. 1) The isomorphism class of every sheaf J-" with resolution is represented by a plane 
projective curve C of degree d and a point p at C. One can see that J-" is a non-trivial extension 

and can be obtained as S'xt^{I, Op2)(— rf), where X is the ideal sheaf of a point p at C, i. e., X 
is given by the exact sequence 

^ X ^ Cc ^ kp ^ 0. 
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Using the notation := S'xt^ {Z , cu^^) from we get J-" = F^{—d + 3). By Lemma ^]T] X 
is stable. Therefore, by the result from p its dual is stable as well. Note that by 
Lemma 9.2] it can not be properly semi-stable. 
This proves the first part of the statement. 

2) There is a family of sheaves, flat over X, with Hilbert polynomial dm + i^2zH. _|_ \ given 
by the resolution 

^ 20x^wA-d + 1) ^ Oxy.w,{-d + 2) © Ox^w, ^ -> 0, 

where \I/|{a}xP2 

= A. Since X A M is a PG-bundle over M, we get locally over M a fiat family 
of sheaves, which induces the required morphism. 

Clearly the morphism is injective with a closed image. It remains to show that it is a closed 
embedding. In other words we need to consider its image equipped with the induced structure 
and show that the inverse map is a morphism. This can be done using the method from ||^, 
6.5]. Namely, given a point in ^ d{-i-d) ^ ^^{"^2) represented by a sheaf J-" with resolution (0), 

it is enough to construct a point of the universal curve of degree d from the Beilinson spectral 
sequence converging to J-" (cf. |TI|, 3.1.4. Theorem II, page 245] and also []T[) by means of 



algebraic operations. 

Since J-" is a one-dimensional sheaf, the only non-trivial part of the first sheet of the Beilinson 
spectral sequence 

El'\J^) = H\¥2, J" ® ® 0{p) 

is a 2 X 3 rectangular 



^-2,0 ,^-1,0 ,^0,0^ 

Analyzing this spectral sequence as in f^, 2.2] and taking into account the stability of J-" one 
can conclude that J-" is a non-trivial extension 

^ ^ ^ kp ^ 0, 

where {C,p) G M and the sheaves Oc, kp can be computed in terms of cokernels of the maps 
involved in the Beilinson spectral sequence. □ 

Remark 3.3. Note that the points of M can be seen as isomorphism classes of non-trivial 
extensions 

^ Oc ^ ^ kp ^ 0, 

where {C,p) G M. 

4. Universal singular locus as the subvariety of singular sheaves 

Let X' be the subvariety of matrices in X defining singular sheaves, i.e., sheaves that are not 
locally free on their support. 

A matrix A G X as in (|l]) defines a singular sheaf if and only if it vanishes at some point 
q of Since the linear forms Zi and Z2 are linear independent, this point could only be the 
common zero point of Zi and Z2. If Zi = QoXq + aiXi + 02X2 and Z2 = boXo + biXi + b2X2, then 
q = {do,di,d2), where di are the minors of the matrix ( I" ll II). Hence X' is given as a closed 
subvariety in X by the equations 

(2) f^ = q^(do,di,d2) = 0, /2 = g2(c?o, '^2) = 0. 

After computing the partial derivatives of /i and /2 and taking into account that the minors 
do, di, and d2 do not vanish simultaneously since zi and Z2 are always linear independent, we 
conclude that X' is a smooth subvariety of codimension 2 in X. 
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Lemma 4.1. A point {C,p) from M corresponds to a singular sheaf if and only ifp is a singular 
point ofC, i.e., the subvariety M' of singular sheaves coincides with the universal singular locus 
{{C,p) I j9GSing(C)}. 

Proof. Let {C, p) be a point in M. Then there is a matrix A = {Hql) ^ X such that C is the 
zero set of / = det A and p is the common zero set of zi and Z2- 

Suppose (C,p) corresponds to a singular sheaf. Then qi{p) = q2{p) = and one checks that 
^(p) =Ofor alH = 0,l,2. 

If j9 is a singular point of C, then all partial derivatives §^{p) vanish. Since §^{p) = {^^2 — 
and since zi and Z2 are linear independent, one concludes that qi{p) = q2{p) = 0, 
hence (C, p) defines a singular sheaf. □ 

Since X is a principal bundle over M and since X' is smooth, one concludes that M' is 
smooth as well. One can also show this directly. The codimension of M' in M is 2. 

Let Mb = M \ M', its points are isomorphism classes of vector bundles (on support). Then 
one could consider M as a compactification of Mb by coherent sheaves. 

5. Blow up BlAf'(M) as a compactification of Mb by vector bundles 

For a fixed point (C, p) G M' representing an isomorphism class [J-'] of a singular sheaf and 
for a fixed tangent vector v G T[jr]M\T[jr]M', i. e., v is normal to M', we are going to construct 
a 1-dimensional sheaf on the surface D{p) locally free on its support. We call such sheaves 
i?-bundles. We are going to show that F[T[jrjM /TjrM') is naturally the space of equivalence 
classes of i?-bundles. We shall use the parameter space X. 

Let A E X' and B G TaX represent a singular sheaf [J-'] = (C, p) G M' and a tangent vector 
at [J-"] respectively. Then pulling the morphism 

20^^r,i-d + 1) 0^^v,i-d + 2) © Okxp., 

back to the blowing np Z = Bloxp(lk x P2), factoring out the canonical section of the canonical 
divisor, and restricting the cokernel to the zero fibre of Z ^ k we obtain one-dimensional 
sheaves on D{p) given by locally free resolutions 

(3) ^ 20Dip)i-d + 2,-1) Ooip) i-d + 2, 0) © Ooip) ^ £iA, B) ^ 0. 

See 0, Section 4] and for more details. 
Assume without loss of generality that 

(4) P= (1,0.0), A^h *)e.r. 



We can write A as 



*='^ I A - ■ B- ■ E 

X2 Xi(J^ B-ijXq x\ xi,) -\- X2iy^, BfjjXf^ xi2 ^ 



Straightforward calculations using (0) show that the tangent equation at A in this case are 
(5) 



Aio^o + ^01 ^70 



where 

£ ^ ( ^oa^o + iiXi + (,2X2 imXQ + h iidd-iX2 

KjloXo + ?7iXi + 7/2X2 tiqoXq'^ H h riod-ixi~^ 

is a tangent vector at A. 
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Then one computes 

The cokernel of such a matrix is not a locally free sheaf on its support (defined by the determi- 
nant of the matrix) if and only if all entries of the matrix vanish at some point. Since by the 
construction this can only happen on -Di(p), one sees that this condition is equivalent to 

^00 = ^10^0 + Aoifjo, Voo = ^10^0 + ^oir^o. 

The latter are just the tangent equations of X' at A. 

So, for every A & X' and for every B G TaX \ TaX' we obtain a sheaf £ = £{A, B) on D{p) 
locally free on its support. Here p is the common zero of zi and Z2- We will call such sheaves 
_R-bundles. 

Lemma 5.1. Every morphism of two sheaves with resolution of the type can be uniquely 
lifted to a morphism of resolutions. 

Proof Follows from Ext\OD{p){-d + 2,0) © 0D{p),20D{p){-d + 2, -1)) = Rom{OD{p){-d + 
2, 0) © Od(p), lOoU-d + 2, -1)) = 0. 

We are going to prove that the groups H^{D{p), 0£)(p){—d + 2, —1)), H^{D{p), 0£)(^p){—d + 
2, -1)), H%D{p), ODip)iO, -1)), and H\Dip), Onip){0, -1)) are zero. 

Let us compute the cohomology groups of the sheaf OD{p)i—d + 2,-1). Consider the gluing 
exact sequence 

^ ODip)i-d + 2, -1) ^ OD,ip)i-d + 2, -1) © On,ip){-l) ^ Ol(-1) ^ 0. 

Since all the cohomology groups of Odi {—L) and 1) are zero, using the long exact cohomol- 
ogy sequence we conclude that W{D{p), OD{j,){—d + 2, —1)) = H^{Do{p), ODo{p)i—d + 2, —1)). 
From the exact sequence 

0^Cp2xPi(-c?+l,-2) ^Cp,xPi(-rf + 2,-l) ^0^„(p)(-rf + 2,-l) ^0 

and the corresponding long exact cohomology sequence using that 

i/0(P2 X Pi, Op,xPi(-c^ + 2, -1)) = 0, H\F2 X Pi, Op,xPi(-rf + 1, -2)) = 
we conclude that H^{Do{p), ODo{p){—d + 2, —1)) = 0. Using that 

H\F2 X Pi, Op,xPi(-c? + 2, -1)) = 0, H\F2 X Pi, Op,xPi(-c? + 1, -2)) = 0, 

we conclude that H^{Do{p), ODo{p){-d + 2, -1)) = 0. 

Analogously one computes that the cohomology groups of Od{p){0, —1) are zero as well. □ 

Remark 5.2. Note that the uniqueness of the lifting implies that the lifting of an isomorphism 
of R-bundles is an isomorphism in each degree. 

Definition 5.3. Let Si = £{A,Bi) and S2 = S{A,B2) be two R-bundles on D{p). We call 
them equivalent if there exists an automorphism of D{p) that acts identically on Dq{p) and 
such that 0*(£i) = £2- 

Proposition 5.4. Two R-bundles E\ = S{A, Bi) and £2 = £{A, B2) are equivalent if and only 
if Bi and B2 represent the same point in FNa, where N = TaX/TaX' . 

Proof. Let £1 = £{A,Bi) and £2 = £{A,B2) be two equivalent -R-bundles, then the 

sheaves £1 and £2 possess locally free resolutions of type (|^), they are cokernels of $1 = Bi) 
and $2 = ^{A,B2) respectively. 
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Equivalence of E\ and E2 means that there exists an isomorphism ip : D{j)) D{p) identical 

on -Do(p) such that there is an isomorphism £2 (f)*{£i). By Lemma |5.1| ^ can be uniquely 
lifted to a morphism of resolutions 

(6) ^ 20D(p){-d + 2, -1) ^ OD(p){-d + 2, 0) © Ooip) -^£2 > 

^ 20D(p){-d + 2,-1) '^1^0Dip){-d + 2, 0) © Ooip) ^ 0*(^i) ^ 0. 

Note that from the uniqueness of the lifting it follows that both matrices ^) and (q j) are 
invertible. 

We are going to show now that for some yU G k* the matrix B2 — fiBi satisfies the tangent 
equations i. e., B2 — fiBi G Ta{Xs). So Bi and B2 represent the same element in FNa- Let 
us present here a detailed proof. 

One can assume without loss of generality that A is as in (Q). Let 

(010) : P2 P2, {uo, Ml, U2) ^-> {{uq, "1' "2) ( 1 ) ) 

be the restriction of (f) to Do{p). Let us consider the equality (° ^) ■ 4>*{^i) = '^'2 ■ (0 I)- 
For the entry 1.1 this gives us the equality 

a{ui + l3uo) + b{u2 + 7M0) + (a^o + br]o)auo = aui + a/xoWo 

and hence the comparison of the coefficients yields 

(7) a = a, b = 0, (3 + = /^o- 
For the entry 2.1 this gives us the equality 

c(mi + l3uo) + d{u2 + 7%) + (c^o + dr]o)auo = au2 + av^uo 

and hence 

(8) c = 0, d = a, ■J + riQa = uq. 
For the entry 1.2 this gives the equality 



a{ui + (3uo)C^AijXo ^ * ^xi) + a{u2 + 'jUo)C^ AojXo ^ ^x^ ^) + a^ooaxQ '^Uq = 

i^l i=0 
bUi + dUi(^ AijXQ^^''^^x\~^x{) + Jm2(^ AojXQ~^'^ xir^) + I^qUq + J/iooXg'^Mo. 

Restricting this to -Di(p) gives 

a{ui + /3mo)(AioXo~^) + a{u2 + 7Mo)(^oia;o~^) + a^oo«a;o~^Mo = 

bQoXQ~'^ui + dui{AiQXQ~'^) + du2{AoiXQ~'^) + (600/^0 + rf/ioo)a;o~^Mo 

and hence 

(9) aAiQ = boo + dAio, aAoi = dAoi, a/3Aio + 07^01 + aa^oo = /^o&oo + 4^00- 
For the entry 2.2 this gives the equality 

a{ui + /3mo)(^ BijXQ^^^'^^ xl"^ x^2) + ^(""2 + 7^0) BojX^^^^^ x^^^) + a^ooCiXQ'~'^uo = 
bu2 + dui(^ BijXQ^^^^^^ x\^^ x{) + Jm2(^ BojXQ^^^^ x{~^) + buoUo + duooXQ^'^uo- 
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Restricting this to Di{p) gives 
a{ui + /3mo)(5ioXo"^) + a{u2 + 'jUo){BoiXo~'^) + ar/ooa^o'^uo = 

and hence 

(10) aBio = dBio, aBoi = boo + dBoi, af3Bio + ajBoi + aar]oo = i^oboo + duoo- 
From (0) and (@) one obtains /3 = /iq — a^o and ■y = I'o — ctVo- Then using (j^) we get 

(J/Xoo - aa^oo = a/3^io + a7^oi - yWo^oo = 

a{fio - a^o)^io + ait^o - «^o)^oi - /UoAio(a - d) = 
Aio{djJo — aa^o) + aAoi^o — accqoAoi = 
Aio{dfio - aa^o) + d^oii^o - aaVo^oi = 

Aioidfio - aoi^o) + Aoi{d^o - aar]o). 

And using (p^Of ) we get 

duoo - aaT]oo = af3Bio + a-fBoi - z/o&oo = 

a(/io - a^o)Bio + a{uo - aVo)Boi - t^oBoiia - d) = 

Bio{d^io - aotio) + Boi{duo - aarjo). 

Therefore, dBi — aaB2 satisfies hence Bi — {d~^aa) ■ B2 G T^X'. This means that Bi and 
B2 define the same point in FNj^. 

Let now Bi and B2 be two equivalent normal vectors at A G X'. Let $1 = ^{A,Bi) 
and $2 = ^{A, B2) be the matrices defining as in (§) the sheaves Si and £2 respectively. Since 
Bi and B2 define the same point in PA^a, it follows that 



52 - a • 5i G Ta{X^ 



for some a G 
Let 



and 



Q = ( ^0^0 + ^1X1 + ^2X2 ^00X0 ^ H h ^od-ixi ^\ 

^ V^oa^o + ViXi + V2X2 VoqXo'^ H h Vod^ixi'^ J 



Bo 



Take 

and let 
fll) 



/ fioxo + filXi + ^2X2 ^mXo ^ H h fiod-ixi ^ 

\ UoXo + VlXi + V2X2 VooXo'^ H h vod-ix't^ 



13 = ^0- ^0", 7 = ^'o - Voa, 



1 j : P2 P2, {Uo,Ui,U2) ^ ((Mo,Mi,M2) (^0 1 j)- 



Note that the automorphisms of the form ( [Tl| ) are exactly the automorphisms of Di = P2 acting 
identically on L. 
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Consider : D{p) D{jp) such that = 0i and 0|do = idoo- Using the tangent 

equations (|^) and that uqXi = U0X2 = one checks that 0*($i) = $2- Indeed, 



^ui + (3uo {ui + /3uo){^ AijXQ ' ^x\ xi) + {u2 + ^uo){Y, AojX\ 



^ ' U2 + 7% (Mi + l3Uo)iYl BijXQ~^~'~^x\~^xl) + {U2 + 7Mo)(E BqjXq'^'^ x^'^^" 



^Ml Ui{^AijXQ ' ^X\ X^) + U2{^ AojXq 



Vo Vooxty ° " \ U2 u,iZ B,,xt'-"'x^'x^ + U2iE Bo.xt'-'xl'] 
7 + 7^0" (r7ooa + /35io + 75oi)a;o~V ° 



U2 ui{Y.B,,xt^-'-'x\-^xi) + U2{T.Bo,xt'-'xl')]^ z/oox^- 

Therefore, there is an isomorphism = £21 which means that the sheaves £1 and £2 are 

equivalent. □ 

This proposition immediately implies the main statement of this note. 

Theorem 5.5. Let M = B\m'{M). Then the exceptional divisor of this blow up consists of the 
equivalence classes of R-hundles. 
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